The compound parabolic concentrator (CPC) is the most efficient reflective geometry to collect light to an exit port. Anyway, to allow its actual use in solar plants or photovoltaic concentration systems, a tradeoff between system efficiency and cost reduction, the two key issues for sunlight exploitation, must be found. In this work, we analyze various methods to model an approximated CPC aimed to be simpler and more cost-effective than the ideal one, as well as to preserve the system efficiency. The manufacturing easiness arises from the use of truncated conic surfaces only, which can be realized by cheap machining techniques. We compare different configurations on the basis of their collection efficiency, evaluated by means of nonsequential ray-tracing software. Moreover, due to the fact that some configurations are beam dependent and for a closer approximation of a real case, the input beam is simulated as nonsymmetric, with a nonconstant irradiance on the CPC internal surface.
Introduction
The interest in renewable energies, in particular in solar energy exploitation, is continuously increasing due to the combination of several facts, like the declining of fossil fuels, the growth of the world population, and the global climate change, as underlined by several authors (see, e.g., [1] [2] [3] and references therein). Solar power plants and in particular thermal and thermodynamic solar systems are receiving an increasing attention in the last years. They can exist in many possible architectures for a wide range of operating conditions and applications [4] . Among the available schemes, that of an heliostat field with bulk absorber cavity appears interesting for high-temperature large-scale plants because of its low heat loss, easy controlling, high heat capacity, and the possibility to successfully exploit mature technologies of conventional fossil fuel power plants [5] . As a general consideration, it should be noticed that in sunlight exploiting technologies, achieving the maximum efficiency is a key issue. When concentrating solar power (CSP) plants and solar furnace systems are considered, a relevant part of the efficiency of the overall system is due to the efficiency in light collection. Therefore, currently, there is a large interest in the development of techniques and methods to improve this facet. Heliostat fields often foresee a secondary light concentration apparatus for the efficient collection into the furnace of the radiation intercepted by the primary mirror system. Due to the fact that the receiver is generally angle insensitive and it is required to have a small entrance port to minimize radiation losses, a possible approach for the secondary mirror is to consider a compound parabolic concentrator (CPC), as this geometry allows, at least in 2D, reaching the theoretical limit for sunlight concentration [6, 7] . In particular, CPCs can be very useful in large solar plants, where solar divergence prevents to obtain small focus areas, and, in high-temperature solar furnaces, where minimizing the entrance port dimensions is mandatory. The drawback of CPC is its parabolic surface, which is difficult and expensive to made and polish. In fact, the three-dimensional CPC is an axisymmetrical surface, obtained by the rotation of a parabola branch around an axis (that will be the axis of the obtained CPC), with the symmetry axis of the whole original parabola forming a nonzero 2 International Journal of Photoenergy angle with the CPC axis [8] . It is clear that this resulting complex surface arises in manufacturing problems and in high costs.
For this reason, different authors studied the possibility to truncate the CPC [9, 10] or to approximate CPCs by simpler shapes like planar, cylindrical or conical surfaces, or different combinations of them. In particular, authors in [11] report on the optimization of linear parabolic collectors (parabolic troughs) approximated by planar surfaces, while [12] [13] [14] are concerned with the approximation of CPCs with faceted surfaces, using simulations with generic light beams. Anyway, it should be noticed that the final result obtained from simulations will strongly depend on the characteristics of the considered input light beam. In fact a real beam produces an irradiation distribution on the CPC internal surface that is often nonhomogeneous in both longitudinal and radial directions. Such a distribution could be a disadvantage if we try to design a generic approximated CPC, but it is a strength point if we choose to lie within a beam-dependent approach. This latter has become now a real possibility thanks to the availability of nonsequential ray-tracing software, that allows to test many approximated CPC shapes taking in account the input beam. In this work, we analyze several CPC approximations, built using different strategies. As input beam for the analysis, we consider the beam produced from the simulation of a field of primary heliostats in a solar plant and we determine a general method to design a beamdependent approximated CPC. While the literature reports on many examples of optimization approaches, either using the edge-ray technique [15, 16] and specially designed elegant algorithms for a given system application (like, e.g., genetic algorithms [17, 18] , hybrid evolutionary algorithms [19] , Kiefer-Wolfowitz methods [11, 20] ), to the best of our knowledge, simple methods allowing to easily use commercial software packages and at the same time both taking into account real world conditions and allowing to obtain a satisfying collection efficiency are lacking.
In the framework of studying systems aimed to be feasible and cost-effective, we decided to limit our investigation to approximated shapes which are cheap and easy to manufacture and polish, that is, truncated conic surfaces. Moreover, to keep costs and complexity as lower as possible, we analyzed a maximum number of 5 truncated cones per approximated CPC. It should be noticed that this also allows to reduce optical losses in the interconnection regions and to avoid possible assembly problems. Particular attention has been given to analyze the flux collected by the approximate surface, with the goal to identify the method that leads to define the most efficient shape among the analyzed ones. The quantitative evaluation of device performances and the comparison among the different approximated CPCs have been carried out using the Lambda Research TracePro software, a nonsequential lighting simulation package implementing MonteCarlo methods.
Methods of CPC Approximations
2.1. General. As said above, the simulation was performed considering a real beam coming from a primary mirror field.
In particular, this takes into account both the solar divergence and other contributions to the beam divergence, that is, heliostat pointing errors [21, 22] and defects of the mirror surface. Solar divergence can be approximated as a uniform distribution with 4.7 mrad half angle [23] ; heliostat pointing errors arise in an almost uniform distribution with half angle depending on the characteristics of the Sun tracking system, but commonly evaluated to be about 3 mrad [22] . It should be noticed that a uniform distribution with b half angle can be approximated by a Gaussian distribution with σ = b/ √ 3 standard deviation [24] . The estimation of slope local errors of mirror surfaces is more complex. We can make the hypothesis of a Gaussian distribution with 5 mrad standard deviation [25] . Thus, the beam we choose for this work has Gaussian angular distribution of σ = 5.9 mrad, as resulting from the convolution of all the cited divergence sources. The rays of the beam have a maximum inclination of 0.39 rad with respect to the CPC axis.
All the simulations have been performed using 675000 rays. The statistical uncertainty connected with the MonteCarlo ray tracing is assessed tracing, for a given optical system under study, different sets of randomized rays. The maximum variation on the collected flux on the exit port of the optical system was 0.1%.
The ideal starting CPC had input and output port of radii 301.8 and 115.5 mm, respectively, 1007.5 mm total length and acceptance angle of 0.39 rad. The shape of every approximated CPC has to be a tradeoff between the request to keep the collection efficiency as high as possible and the need to be easy to realize and polish. A simple method is to utilize a series of truncated cones: the highest is the number of them, the more accurate is the approximation of the ideal surface. The advantage of this approach is that the approximated CPC maintains the radial curvature and the rotational symmetry, whereas the axial surface sections are planar. Obviously, each truncated cone is connected to the other, in such a way that the two extreme circumferences of each of them lie either on the entrance/exit port of the CPC or on an extreme circumference of the adjacent truncated cone. Moreover, due to the fact that, in the discussion, we will refer often to the longitudinal sections of the CPCs, in the following, we will label these circumferences as "points," because their projections on the longitudinal section appear as points.
To define the better (i.e., the most efficient) shape of the approximated CPC, we used four different approaches:
(i) CPC1 (point-approximated CPC): the approximated CPC is defined with an interpolation of the ideal CPC surface that does not take into account the irradiation data;
(ii) CPC2 (tangent-approximated CPC): we consider 4 or 5 conic sections with equally spaced angular coefficients of their longitudinal sections;
(iii) CPC3 (power-approximated CPC): the approximated surface takes into account the flux distribution on the ideal CPC internal surface;
(iv) CPC4 (corrected-power approximated CPC): the approximated surface takes into account both the flux distribution on the ideal CPC internal surface and the effect of the difference, along the longitudinal section, between the approximated planar surface and the tangent plane to the ideal CPC.
We note in advance that the efficiency of the point-interpolation is quite low [12] , but its very simple approximation method, described in the following, is a useful reference for most advanced approaches.
Point-Approximation Method.
The method we used to build the point-interpolated CPC approximation is the following:
(1) the starting step is a 2-point approximation: a single truncated cone with the major and minor base circumferences equal to the entrance and exit aperture of the ideal CPC, respectively; (2) the 3-point interpolation (2 truncated cones) has been built taking as connection point between the two cones the point on the ideal CPC where the distance between the ideal surface and the 2-point approximation is maximum; (3) the approximation with n truncated cones has been defined by dividing in two parts the truncated cone at the point where the distance between the internal surface of (n − 1)-approximated CPC and those of the ideal CPC is maximum.
In Figures 1 and 2 , we show the longitudinal sections of either the 1-cone and 2-cone (Figure 1 ) or 5-cone (Figure 2 ) approximated CPCs, compared to the ideal shape.
Tangent-Approximation Method.
The tangent-approximated CPC has been obtained starting from the calculus of the derivative of the ideal CPC surface, for many points of the longitudinal section. Then, we evaluated the angular coefficient values of the tangent lines to the CPC border in the 2D longitudinal section at the input and output port. If we divide by 4 (for the 4-cone approximation) or by 5 (for the 5-cone approximation) the range of obtained angular coefficients, we find the step in the angular coefficient values between adjacent lines, for 4-cone or 5-cone approximations, respectively. The successive step is to identify the angular coefficient of each line and the point of the ideal CPC being related to this coefficient. Starting from these points, we draw the tangent lines. As for the peculiar lines lying at the input and output ports, we translate them to match the port diameter. Then, we determine the intersection points, whose 3D-corresponding circumferences will be the bases of 3D-truncated cones. It should be noticed that, in 2D, the cones are represented as segments of tangent lines. Finally, the merging of all truncated cone shapes produces the tangent-approximated 3D solid. Please note that, in this approach, it is geometrically impossible to model a 2-or 3-cone approximation.
Power-Approximation
Method. This is a beam-dependent approach: the starting step is to consider the irradiance distribution on the internal surface of the ideal CPC, as produced by the actual beam coming from the heliostat field. Figure 3 shows the projection of irradiance values for the whole CPC surface on a plane parallel to the CPC axis, while Figure 4 represents the irradiance profiles obtained from Figure 3 along the y = 0 and x = 0 directions. It should be noticed that, being Figure 3 a projection of values, the irradiance value of a single pixel lying on the axis in Figure 3 represents twice the mean value of the irradiance on the corresponding ring of the 3D ideal CPC shown in Figure 4 . Starting from Figures 3 and 4 , we calculate the power (i.e., the radiant flux) on each ring, then the integrated power as a function of the coordinate along the ideal CPC axis, obtaining the picture shown in Figure 5 . The interpolating point has been chosen in such a way that each truncated cone equally contributes to the overall power integral (i.e.: in case of 5 truncated cones, each contributes for 20% to the total incident power).
Corrected Power-Approximation Method.
In this case, we introduced a correction factor to apply to the previously described power-approximation approach. It is intuitive that the same small slope variation produces a larger effect on the collected power when the surface is far from the exit aperture of the CPC. Then, we can introduce a weight parameter to correct the calculus of the power-approximation method. This parameter is calculated in a fully geometrical way, measuring, in different points of the CPC, the displacement of the reflected ray due to an error of 1
• on the slope of the surface. Figure 6 shows the considered geometry. The displacement is evaluated on the exit port of the CPC, in relative units with respect to the port dimension itself. It quantifies the surface sensitivity, at the considered point, to angular errors of the surface due to surface approximations. From this tolerance analysis, we obtained a correction function that, after normalization to its maximum value (corresponding to surface points near the entrance of the CPC), was used to correct the integral in Figure 5 . In Figure 7 , we compare the integral functions we obtained using the corrected-power approximation method to that produced by the simple power one described in the previous section. Similarly to Section 2.4, dimensions of truncated cones to approximate the ideal CPC are obtained imposing that each cone equally contributes to the overall integral. From Figure 7 , we can appreciate that the corrected-power method, for fixed number of cones, requires that the cones near the entrance aperture of the approximated CPC are shorter than those calculated with the simple corrected power method, thus correctly taking into account the larger sensitivity to angular surface errors of the approximated CPC rings lying near the entrance port. Figure 8 shows the comparison among different 5-cone CPCs. All the approximated CPCs have been positioned to make their entrance and exit apertures coincident with the entrance and exit aperture of the ideal CPC. In Figure 8 (a), we compare the point-approximated (green), the tangentapproximated (orange), and the power-approximated (blue) ones, while Figure 8 (b) compares the power-approximated (blue) to the corrected power-approximated (red). We note that, while the point-approximated and the power-approximated CPCs are similar if the positions of the interpolation points are concerned, both power-approximated CPCs provide a finer approximation of the region near the exit aperture, where the majority of the incident power is collected.
Results
The results of the performed simulations are summarized in Table 1 and in Figure 9 . We can see that, except for the 2-cone case of the point-approximated CPC, the output power increases as the number of section increases. The counterintuitive case of the 2-cone point-approximated CPC, that shows a minimum of output power, agrees with the literature [12] . The reason of the nonmonotonic dependence of the collected flux from the number of considered cones could be that the value of the slope of the single-cone approximation is near to the tangent to the ideal CPC at the point of maximum irradiance.
If we compare different approximation approaches for equal number of considered cones, we can observe that the efficiency of the point-approximated CPC is the lowest. The power and the tangent approximations produce very similar results. The corrected-power approximation shows a lower efficiency than the simple power approach for the 2-and 3-cone configurations, but a higher efficiency for the 5-cone one. For the 4-cone case, tangent, power, and correctedpower approximations practically lead to the same result.
The best result is obtained for the 5-cone corrected-power approximated CPC: it has efficiency as high as 98.7% with respect to that of the ideal CPC. We stress that we imposed the same constraints in the simulations for all the CPCs: first, CPC ports of fixed dimensions; second, length of the approximated CPCs equal to the length of the ideal CPC; third, reflectivity of all the surfaces set to 85%. In particular, this latter is consistent with the actual value of reflectance of a coating of protected aluminum, thus further projecting our results towards practically realizable systems.
Conclusions
In this work, we study the possibility to approximate the complex shape of a large compound parabolic concentrator by means of a limited number of truncated cones, demonstrating that this is feasible without severe efficiency losses. We investigated different approximation approaches and with variable number of truncated cones. Keeping in mind, beside the efficiency preservation, also the practical realization of the system and the manufacturing and cost decrease, we limited our study to a maximum number of 5 cones. We demonstrated that the most successful approach is to link the geometrical surface approximation to the irradiance distribution on the internal surface of the ideal CPC, as produced by the real available beam (beam-dependent scheme).
With 5 considered cones, the shape showing the largest collection efficiency is a corrected-power approximated CPC, producing efficiency as high as 98.7% with respect to the ideal CPC. The advantage of power-approximation and corrected power-approximation methods versus other approaches such as the tangent one is the possibility to easy implement also 2-cone or 3-cone geometries. We found that the collected power is minimum for the 2-cone point interpolation, evidencing a nonmonotonic behavior of the collected power as a function of the number of sections. Finally, we remark that the beam-dependent methods we propose can be successfully applied also when the irradiance distribution on the internal surface of the CPC changes during the day or during the year, and when the time-averaged distribution results strongly nonhomogeneous.
